Cross-sections for elastic scattering of muonic hydrogen on helium nuclei, (hµ) 1s + He ++ , where h and He ++ stands for a hydrogen and a helium isotope nucleus, respectively, were calculated in the one-level adiabatic approximation for a range of collision energies from 0 to 50 eV. Bound states and energy levels of (hµHe) ++ molecular ions were also calculated and compared with their Born-Oppenheimer counterparts. It is shown that adiabatic corrections are responsible for proper positions of the RamsauerTownsend minima in (hµ)1s + He ++ elastic scattering and, at the same time, they significantly influence bound states and energy levels of (Heµh) ++ and (Heπh) ++ ions. Calculations were performed in the frame of the phase--function method.
Introduction
Atomic and molecular processes induced by negative muons in gaseous hydrogen and hydrogen-helium mixtures have been studied for over five decades [1] . The studies have been motivated by possible practical use of energy released in nuclear syntheses occurring inside muonic molecular ions, e.g. (dµt) + or (  3 Heµd) and by such fundamental questions of physics as isotope invariance and charge symmetry of strong interactions at very slow collisions † [3] . At the same time, the µCF processes form an unavoidable background in experimental study of weak muon capture by hydrogen and helium isotope nuclei [4] . To extract the corresponding capture rates from different spin states of muonic atoms their spin-states population determined by collision-induced deexcitation processes has to be known. The main µCF processes that are still imperfectly understood and need further intensive theoretical and experimental investigation are listed here:
-formation of excited muonic atoms by direct muon capture into an atomic orbit [5] or by muon transfer processes between excited states of muonic atoms [6] ; -elastic scattering of the ground-state or excited muonic atoms in collisions with hydrogen atoms or molecules [7] [8] [9] ; -deexcitation of muonic atoms via the Auger [10] or Coulomb deexcitation processes [11] ;
-formation of muonic molecules in collisions of muonic hydrogen atoms with hydrogen molecules [2] or helium atoms [12] ; -nuclear synthesis reactions occurring inside muonic molecules [13] . Exemplary scheme of µCF processes in D- 3 He mixture is presented in Fig. 1 . Arrows indicating transitions are labeled by corresponding reaction rates, λ = σN 0 V , where σ denotes cross-section, N 0 = 4.25 × 10 22 cm −3 is the liquid hydrogen density (LHD), and V is the collision velocity. Details about the processes can be found in Refs. [2] [3] [4] [12] [13] [14] . As indicated in Fig. 1 , the muon freed after the fusion may start another µCF cycle. The number of cycles is practically limited by muon sticking to Z > 1 nuclei initially present in a mixture or produced in synthesis reactions. Theoretical study of µCF processes comprises different theoretical methods of atomic and molecular physics, e.g. variational methods, adiabatic spherical [15, 16] and hyper-spherical expansion method [17] , quantum Monte Carlo [18] , and Faddeev equations [19] . A lot of important results for h−µ−He ++ systems have been obtained using adiabatic expansion method [16] , in particular, for quasi-stationary states, (hµHe) ++ , usually called muonic molecules. These states correspond to very narrow Feshbach-type resonances in h + (Heµ) + 1s scattering for the total angular momentum of the three particle J = 0, 1, and 2. Positions of the resonances were calculated in Refs. [20] [21] [22] in the frame of the nonadiabatic coupled-rearrangement-channel, the two-channel hyper-spherical expansion method, and complex-coordinate-rotation method, respectively (see also the review article [23] ). The resonances are situated from 0.134 eV to 81.335 eV below (hµ) 1s threshold. Widths of the resonances for h = d are of order of 10 −4 eV for both 3 He and 4 He [20] . The corresponding quasi-stationary states, (hµHe) ++ J , have a rich experimental evidence. They are formed in room temperature H-He gaseous targets due to collision of the ground state muonic hydrogen with a helium † Collision energy of nuclei inside muonic molecules estimated from the uncertainty principle is of order of 1 keV. Such slow collisions are not reachable in accelerator experiments. atom [12] :
The subsequent radiative decay of the resonances (Heµh)
which result in muon transfer to helium, were observed in a lot of experiments [24] by measuring of the corresponding γ-radiation spectra. Much broader resonances in d−µ− 4 He ++ and t−µ− 4 He ++ systems with the total angular momentum J = 0 and 1 (of Feshbach-type also) were found in Refs. [25] and [26] . The resonances are situated from 345.6 eV to 355.3 eV below (αµ) n=4 threshold [25] and from 96.0 eV to 0.6 eV below (tµ) 2s threshold [26] . They correspond to excited quasi-stationary states of ( 4 Heµh)
++ J system with both decay channels, (Heµ) + + h and (hµ) + He ++ , open. A possible formation mechanism of such states in H-He gaseous mixtures was proposed in Ref. [26] , however, as far as we know, it has no experimental evidence still. Simple calculation shows that all of the resonances are located by more than 1.4 keV above (hµ) 1s thresholds. Therefore, one can state a question about an existence of resonances located just above (hµ) 1s thresholds. We answer this question in the present paper.
The two channels involved in calculation in paper [21] , h + (Heµ) + 1s and (hµ) 1s + He ++ , correspond to 1sσ and 2pσ muon states of the two-center Coulomb problem, respectively.
However, it is possible to obtain quite accurate ro-vibrational energy levels, ε Jv , of the quasi-stationary states using the one-level adiabatic approximation for the 2pσ state. It is due to the fact that coupling terms of the potential matrix corresponding to the two-level treatment are much smaller than the diagonal ones in this region of the inter-nuclear separation, R ≥ 4a µ (a µ is the muonic atom Bohr radius), where the 2pσ-component of the total wave function is localized [27] . The corresponding results, presented for the first time in Ref. [12] , differ by several percent only from the ones obtained later by several authors using variational method for many-thousand-terms trial wave functions [20, 22, 26] , as well as the two-level approximation [21, 27, 28] .
At the same time, the adiabatic one-level approximation seems also to be valid in calculation of elastic cross-sections for slow (hµ) 1s + He ++ collisions. Justification of the method is the same here as for molecular states because the corresponding adiabatic 2pσ-potential has a steep slope (see Fig. 4 below) . Consequently, the left-hand turning point shifts only slightly towards smaller R when the energy increases from ε Jv to about 50 eV. Cross-sections for elastic (pµ) 1s + 3 He ++ scattering were calculated in Ref. [29] in the frame of the two-level approximation including s and p partial waves. The Ramsauer-Townsend effect was observed at about 0.2 eV. On the other hand, the corresponding one-level calculation for 2pσ state with and without inclusion of electron screening of a helium nucleus was performed in Ref. [30] in adiabatic approximation for s and p partial waves for all hydrogen and helium isotopes. However, the unscreened s-wave cross-sections for elastic (pµ) 1s + 3 He ++ scattering significantly differ from the corresponding ones obtained in the present paper using the same method of calculation and from the two-level results of Ref. [29] . Similar, i.e. one-level calculation of elastic scattering of the ground state pµ atoms from C, N, O, and F nuclei are presented in Ref. [31] . Results were obtained, however, in the Born-Oppenheimer (B-O) approximation. Due to presence of quasi-crossings of terms involved in p−µ−Z systems, where Z > 2 [32] , the effective one-level potential was constructed from different molecular terms in corresponding areas of the inter-nuclear separation R. Low energy resonances in partial cross-sections (i.e. shape resonances) were found for collision energies below 2 eV. This paper is arranged as follows. The adiabatic expansion method for three-body h−µ−He ++ Coulomb problem is shortly described in Sec. 2. The phase-function method for one-level scattering-and bound-states is described in Sec. 3. Cross-sections for (hµ) 1s + He ++ elastic collisions calculated in the one-level adiabatic approximation for partial waves J = 0 ÷ 10 and collision energies 0 ≤ ε ≤ 50 eV are presented in Sec. 4 together with their B-O counterparts. The influence of adiabatic corrections on bound-states and energy levels of (Heµh) ++ and (Heπh) ++ ions are also presented in Sec. 4. The obtained results are summarized in Sec. 5.
Adiabatic expansion method for h−µ−He
++ system
Coordinates describing three particle system, h−µ−He ++ , are presented in Fig. 2 . The muon position r is reckoned from the middle of R. After separation of the center-of-mass motion the non-relativistic Hamiltonian for h−µ−He ++ system receives the form (in atomic units e = m e =h = 1)
where
Asymptotic form of h−µ−He ++ system corresponding to (hµ) 1s + He ++ channel suggests, however, another splitting of the total Hamiltonian in which the reduced mass of the muonic atom, m
µ , will appear explicitly instead of m 0 [16] (below we use the µ-atomic units (µau), e =h = m a = 1)
With total Hamiltonian (2) commutes the total angular momentum operator for the three particle system, J , its z-axis projection, J z , and the total parity operator, P (R → −R, r → −r). Eigenfunctions of the Hamiltonian in the total angular momentum representation read [16] :
with m being an eigenvalue of R · J /R operator. The muon position, r, is expressed in the body-fixed reference frame by prolate spheroidal coordinates, η = (r 1 − r 2 )/R, ξ = (r 1 + r 2 )/R, and ϕ the azimuth angle measured in the plane perpendicular to R; (Θ, Φ) are spherical angles of vector R. Adiabatic basis set for h−µ−He ++ system is formed by eigenfunctions
corresponding to the muon moving in the Coulomb field of the two resting nuclei, h and He ++ , separated by R. The index i represents a set of quantum numbers describing bound-or continuous-spectrum states of the muon. Muonic bound states are usually labeled by spherical quantum numbers in the united atom classification (R → 0), i.e. i = (N lm), whereas i = (k µ lm) describes a continuous-spectrum state, where k µ is the muon impulse at r → ∞. The corresponding energy eigenval-ues (molecular terms) are denoted by E i (R). Adiabatic expansion of the "radial" function, F Jλ m (ξ, η, R), is usually written in the form [16] :
where functions χ Jλ i (R) describe relative motion of the nuclei. The lower lying molecular term that supports a potential well in h-He ++ interaction in h−µ−He ++ system corresponds to 2pσ muon state of the respective two-center Coulomb problem. At the same time, this state tends asymptotically to the ground state of hµ atom. Therefore, the adiabatic approximation of (Heµh) ++ bound states as well as (hµ) 1s + He ++ elastic scattering is realized here by retaining only one term in expansion (8) for N lm = 2pσ. The corresponding adiabatic wave function receives the form
where m = 0 and index λ = +(−1) J was omitted. By substitution of expression (9) into the Schrödinger equation with Hamiltonian (2) and after averaging over spherical angles (Θ, Φ) and the muon 2pσ state, one obtains the radial equation
where ε = E − E 2pσ (∞) is the collision energy; E is the total energy of the system; E 2pσ (∞) is the ground state energy of hµ atom. The adiabatic potential V A (R) reads
is the potential corresponding to the Born-Oppenheimer approximation, and
is the adiabatic correction, usually written in the form [16] :
Functions H ± (R) and H * (R) are as follows:
where "prime" denotes derivative with respect to R,
Molecular term E 2pσ (R) and functions H ± (R), H * (R) have the following asymptotic (R → ∞) behavior [15, 16] :
where the term −(9/4)Z 2 2 R −4 in Eq. (16) corresponds to the quadratic Stark-effect [34] for muonic hydrogen in the electric field of nucleus Z 2 . At R → 0 we have [15, 16] :
Potentials E 2pσ (R), H ± (R), H * (R) and V BO (R), V A (R) are presented in Fig. 3 and Fig. 4 , respectively. 
Phase-function method for one-level problem
The adiabatic wave function for (hµ) 1s + He ++ system is the solution of Eq. (10) with the following boundary conditions (the label 2pσ is omitted):
where k = √ 2M ε; j J (kR) and n J (kR) are the Riccati-Bessel functions [35] ; δ J is the phase shift. Assuming the following ansatz for the radial function [36] :
and the constraint
one obtains the system of two coupled first-order differential equations for amplitude A J (R) and phase-function δ J (R) [36] : (22) with boundary conditions
Equations (22) and (23) are called the amplitude and phase-equation, respectively, and together with conditions (24) and (25) are equivalent to the bound-ary value problem (10) and (19) . Phase shift is obtained from the condition δ J = δ J (R → ∞). In order to calculate the total elastic cross-section,
which is expressed in terms of phase shift only, it suffices to solve Eq. (23) with condition (25) . At the same time the fact is known that bound state energies correspond to imaginary poles of scattering S-matrix elements in complex k-plane for Im(k) > 0 [37] . The corresponding equations for the partial S-matrix function, S J (R) = e iδ J (R) , obtained from Eq. (23) and (25), receives the form [36] :
where h
, n = 0, 1, etc. For numerical purposes, however, it is convenient to replace Eq. (27) by the corresponding real equations for the real partial scattering amplitude--function defined as
J (ix). The condition for bound states is f J (∞, κ n ) = 0. Additionally, regularization of Eqs. (28) by substitution f J (R, κ) = tan[γ J (R, κ)] leads to the following boundary value problem:
with the condition for bound states
Extension of the phase-function method to multi-level problems can be found in Refs. [36] . (b) Partial and total cross-sections for elastic (pµ) 1s + 3 He scattering. Fig. 6 . Comparison of the total cross-section (including s and p partial waves) for elastic (pµ)1s+ 3 He scattering calculated in the one-level adiabatic approximation in the present paper (solid line) with the corresponding total cross-section calculated in Ref. [29] in the two-level approximation (dotted line). Fig. 5a for collision energies 0 ≤ ε ≤ 50 eV. Zero-energy values of phase shifts for J = 0 and 1, equal to π, indicate, according to the Levinson theorem [34, 37] , the existence of the corresponding one bound state of ( 3 Heµp) ++ for each J. The respective partial and total cross-sections are presented in Fig. 5b . According to the figure and Fig. 6 , the Ramsauer-Townsend effect is observed at ε ≈ 0.28 eV, and a broad resonance corresponding to J = 3, at ε ≈ 13 eV. The low-energy total cross-sections including dominating s and p partial waves are compared with the corresponding two-level results of Ref. [29] in Fig. 6 . The agreement is quite satisfactory in the whole energy range considered. At the same time, our cross--sections significantly differ from the corresponding results of Ref. [30] obtained in the frame of the same method of calculation, i.e. one-level adiabatic approximation. As an illustration of the discrepancy, Fig. 7 presents the comparison of the dominating s-wave cross-sections obtained in the present paper with the ones of Refs. [30] and [29] . Our results are close to the corresponding two-level in the one-level adiabatic approximation in the present paper (solid) and in Ref. [30] (dashed) with the corresponding two-level s-wave cross-section of Ref. [29] (dotted line). cross-sections of Ref. [29] whereas they significantly differ from results of [30] , especially for low-energy limit. We also have found a significant discrepancy between our s-wave elastic cross-sections and the corresponding ones of Ref. [30] for all remaining isotope compositions of (hµ) 1s + He ++ system. The source of this discrepancy, however, is not clear to us.
Results and discussion

Cross-sections for elastic (hµ)
Adiabatic cross-sections for (pµ) 1s + 3 He ++ and (pµ) 1s + 4 He ++ elastic collisions are compared with their B-O counterparts in Fig. 8a and b, respectively. As is seen from the figures, adiabatic results significantly differ from B-O ones in the whole energy range considered. At the same time, the B-O approximation significantly shifts the Ramsauer-Townsend minima towards smaller collision energies. Total elastic cross-sections for (hµ) 1s + 3 He ++ and (hµ) 1s + 4 He ++ , where h = p, d, t, calculated by summing partial contributions up to J = 10 are collected in Figs. 9a and 10a , respectively. Very large zero-energy values for h = d and t (only s-wave contribution dominates) which are visible in the insets are due to the presence of virtual (anti-bound) or weakly-bound states [38, 39] . In order to distinguish between these two possibilities we calculated the corresponding scattering lengths, α = − lim k→0 (tan δ 0 /k). Results are presented in Table I.   TABLE I Scattering lengths, α (results in µ-atomic units are presented in curly brackets), and resonance positions, ε r J , and widths, ΓJ , obtained from Eq. (31) and from fitting (in brackets) for elastic (hµ) 1s + He ++ scattering. Resonance partial waves for J = 2 and J = 3 correspond to h = p and h = d, t, respectively.
3 He 4 He One sees from Table I that the low-energy elastic (tµ) 1s + 4 He ++ cross--section is determined by the presence of a loosely bound state (α > 0) of the corresponding muonic molecule, ( 4 Heµt) ++ (see Sec. 4.2) . At the same time, low-energy elastic cross-sections for the remaining hydrogen and helium isotope compositions of (hµ) 1s + He ++ system (excluding h = p) are determined by the presence of virtual states (α < 0). For ε 0, total cross-sections exhibit distinct maxima which are due to single partial-wave resonances (shape resonances [40] ) corresponding to J = 2 for h = p and to J = 3 for h = d, t. The corresponding partial cross-sections, phase shifts, and time delays (t J = 2dδ J /dE) are presented in Figs 
(see Ref. [41] ), where "prime" denotes the derivative with respect to ε. Results are also collected in Table I . As is seen from Figs. 9b, 10b, and Table I , the relation between the time delay and the resonance width, t J (ε r J ) = 4/Γ J , is almost fulfilled for each isotope composition of (hµ) 1s + He ++ system. At the same time, approximate resonance positions and widths calculated from fitting of the formula 32) to the corresponding phase shifts are presented in Table I in parenthesis. The differences are due to energy dependence of β J neglected in Eqs. (31) and (32).
Bound states of (Heµh)
++ molecules R-dependence of phase shift for J = 0 corresponding to elastic (tµ) 1s + 4 He ++ scattering for three collision energies is presented in Fig. 11 as an example. Characteristic jumps of δ 0 (R) by π, at R 1 ≈ 3.8 and R 2 ≈ 15, appearing when ε → 0, correspond to two bound states. An abscissa of a jump equals to a minimal potential range at which the respective bound state is supported. Bound state energies were calculated by numerical solution of Eqs. (29) and (30) . Function γ 0 (R max , ε), corresponding to elastic (tµ) 1s + 4 He ++ scattering, obtained for R max , is plotted in Fig. 12 . Coordinates ε 1 and ε 2 , for which γ 0 (R max , ε) experiences successive jumps by π, are equal to binding energies of the corresponding muonic molecule for J = 0. It is remarkable that the curves from Figs. 11 and 12 are consistent, i.e. they both indicate the presence of two bound states. Binding energies of (hµHe) ++ molecules for all isotope combinations, with and without inclusion of adiabatic corrections are presented in Table II .
TABLE II
Energy levels of (Heµh)
++ molecules calculated in the one-level adiabatic (Ad.) and the Born-Oppenheimer (B-O) approximation obtained in the present paper. Results obtained from two-and many-channel calculation in Refs. [27] and [26] , respectively, are also presented for comparison. Our adiabatic results presented in Table II coincide almost exactly ‡ with the ones of Ref. [12] obtained by direct numerical solution of the Schrödinger equation (10) with boundary conditions (19) . Many-channel variational results obtained in Refs. [26] and [27] are also presented for comparison. It is remarkable that numbers of bound states obtained in the frame of the adiabatic and B-O approximations are the same for each J. However, adiabatic binding energies are shifted below the corresponding B-O ones. The influence of adiabatic corrections is minimal for the J = 0 ground-state energy, ε 00 , of ( 4 Heµt) ++ molecule, whereas it is maximal for the J = 2 ground-state energy, ε 20 , of ( 3 Heµd) ++ . ‡ Binding energy, ε 01 , of the loosely bound state of ( 4 Heµt) ++ molecule is not presented in Ref. [12] . Figures 13 present a comparison of the corresponding nuclear wave functions calculated with and without inclusion of adiabatic corrections.
−εJv
It is interesting to examine also the influence of adiabatic corrections on bound-state energies of hydrogen-helium molecules, in which the muon is replaced by negative pion, π − . The corresponding binding energies calculated with and without inclusion of adiabatic corrections are presented in Table III (according to our best knowledge, these results are presented for the first time). Due to less M/m a mass ratios the influence of the corrections on energy levels is much more pronounced for pionic systems than for muonic ones. The same is true for nuclear wave functions, as expected. Figure 14 presents energy levels (top) corresponding to J = 0 of a fictitious molecule ( 3 Hexp) ++ calculated in the adiabatic one-level approximation vs. mass m x of a fictitious negative particle x. Mass m x changes from electron mass to anti-proton mass. The corresponding relative difference between the adiabatic and B-O energy levels (bottom), η = (ε Tables II and  III , and to the relative energy differences.
Conclusions
In this paper we present total and partial cross-sections for elastic (hµ) 1s + He ++ scattering calculated in the one-level adiabatic and Born-Oppenheimer approximations for the 2pσ molecular state. Our adiabatic cross-sections significantly differ from the corresponding results of Ref. [30] , obtained using the same method of calculation, and are close to the ones of Ref. [29] (the two-level calculation). At the same time, the existing discrepancy between results of Ref. [29] and [30] is resolved in favor of the first paper. We also calculated scattering lengths, and positions and widths of resonances appearing in elastic (hµ) 1s + He ++ scattering for collision energy range 0 ≤ ε ≤ 50 eV. It was shown that adiabatic corrections to the Born-Oppenheimer scattering potential are responsible for proper positions of the Ramsauer-Townsend minima in slow (pµ) 1s + 3,4 He ++ collisions. The influence of the corrections on energy levels of muonic, (Heµh) ++ , and pionic, (Heπh) ++ , molecules is also presented. As is seen from Tables II, III and Fig. 14 , the influence of adiabatic corrections decreases with increasing mass ratio, M/m a , and decreasing coefficient κ. This observation corresponds with the form of potential V A (R) expressed by Eqs. (11)- (14) .
